Abstract. We prove equality of the various p-adic period morphisms for smooth, non necessarily proper, schemes. We start with showing that the K-theoretical uniqueness criterium we had found for proper smooth schemes extends to proper finite simplicial schemes in the good reduction case and to cohomology with compact support in the semistable reduction case. It yields the equality of the period morphisms for cohomology with compact support defined using the syntomic, almostétale, and motivic constructions. We continue with showing that the h-cohomology period morphism agrees with the syntomic and almost etale period morphisms whenever the latter morphisms are defined. We do it by lifting the syntomic and almostétale period morphisms to Voyevodsky triangulated category of motives, where their equality with the h-cohomology period morphism can be checked directly using the Beilinson Poincaré Lemma. Recall that p-adic period morphisms make it possible to describe the p-adicétale cohomology of algebraic varieties over local fields of mixed characteristic in terms of differential forms. This is advantagous since the latter can often be computed. There are by now four main different approaches to the construction of these period morphisms: syntomic Each of these approaches has its advantages and it is important to be able to compare the resulting period morphisms in the case one needs to pass from one to another. Since all the above period morphisms are normalized using Chern classes we expect them to be equal. The two theorems below are examples of the results we obtain in the paper. Let O K be a complete discrete valuation ring with fraction field K of characteristic 0 and with perfect residue field k of characteristic p. Let O F be the ring of Witt vectors of k with fraction field F . Let X be a proper scheme over O K with semistable reduction and of pure relative dimension d. Let i : D ֒→ X be the horizontal divisor and set U = X K D. Equip X with the log-structure induced by D and the special fiber. Denote by O 0 F the scheme Spec(O F ) with the log-structure given by (N → O K , 1 → 0). Theorem 1.1.
Introduction
Recall that p-adic period morphisms make it possible to describe the p-adicétale cohomology of algebraic varieties over local fields of mixed characteristic in terms of differential forms. This is advantagous since the latter can often be computed. There are by now four main different approaches to the construction of these period morphisms: syntomic (Fontaine-Messing [21] , Hyodo-Kato [26] , Kato [30] , Tsuji [48] , Colmez-Nizio l [13] ), almostétale (Faltings [16] , [17] , Scholze [43] , Bhatt-Morrow-Scholze [9] , [10] , Cesnavičius-Koshikawa [12] ), motivic (Nizio l [37] , [39] ), and h-cohomology (Beilinson [5] , [6] , Bhatt [8] ). Each of these approaches has its advantages and it is important to be able to compare the resulting period morphisms in the case one needs to pass from one to another. Since all the above period morphisms are normalized using Chern classes we expect them to be equal.
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The two theorems below are examples of the results we obtain in the paper. Let O K be a complete discrete valuation ring with fraction field K of characteristic 0 and with perfect residue field k of characteristic p. Let O F be the ring of Witt vectors of k with fraction field F . Let X be a proper scheme over O K with semistable reduction and of pure relative dimension d. Let i : D ֒→ X be the horizontal divisor and set U = X K D. Equip X with the log-structure induced by D and the special fiber. Denote by O 0 F the scheme Spec(O F ) with the log-structure given by (N → O K , 1 → 0). Theorem 1.1.
(1) There exists a unique natural p-adic period isomorphism
st that is B st -linear, Galois equivariant, compatible with Frobenius, induces an isomorphism on filtrations after passing to B dR , and is compatible with theétale and syntomic higher Chern classes from p-adic K-theory.
(2) The syntomic, almostétale, and motivic period morphisms for cohomology with compact support are equal.
Theorem 1.2. The syntomic, almostétale, motivic, and h-cohomology period morphisms are equal whenever they are defined.
1.1.
Proof of Theorem 1.1. To prove Theorem 1.1 we start with showing that the K-theoretical uniqueness criterium we had found for proper smooth schemes [40] extends to finite simplicial schemes in the good reduction case and to cohomology with compact support in the semistable reduction case.
Using it we show the equality of the period morphisms for cohomology with compact support defined by the syntomic and almostétale methods. Along the way we extend our definition of the motivic period morphisms from [37] , [39] to the above mentioned setting. By construction this period morphism satisfies the K-theoretical uniqueness criterium hence it is equal to the syntomic and almostétale period morphisms.
To present the proof of Theorem 1.1 in more details, recall the definition of the motivic period morphisms in the simpler case of good reduction. Let X be a smooth proper scheme over O K . Using the Suslin comparison theorem between p-adic motivic cohomology and p-adicétale cohomology [45] we lift etale cohomology classes of X K to p-adic motivic cohomology classes via theétale regulator (here we use λ-graded pieces of p-adic K-theory as a substitute for p-adic motivic cohomology), then we lift those to the integral model X O K , and, finally, we project them via the syntomic regulator to the syntomic cohomology of X O K that maps canonically to the absolute crystalline cohomology of X O K .
This extends rather easily to simplicial schemes: there is no problem in defining the p-adic regulators and the fact that theétale regulator and the localization map from the integral model to the generic fiber are isomorphisms can be reduced to the case of schemes using the filtration of simplicial schemes by skeletons.
We have shown in [40] that the construction of the motivic period morphisms for proper smooth schemes implies a simple K-theoretical uniqueness criterium for period morphisms. This can be extended now to proper smooth finite simplicial schemes: two period morphisms are equal if and only if the induced period morphisms frométale to syntomic cohomology are equal and this is true if and only if the latter agree on the values ofétale regulators from p-adic K-theory. This, in turn, would follow if the period morphisms were compatible with theétale and syntomic regulators from p-adic K-theory. For motivic period morphisms this compatibility follows from the definition; for the syntomic and almostétale period morphisms of Tsuji [48] and Faltings [17] , respectively, this can be checked on the level of the universal Chern classes and this was done in [40] .
1.2. Proof of Theorem 1.2. To prove Theorem 1.2 we take a different approach to comparing p-adic period morphisms: we compare them with the h-cohomology period morphism. First, we note that it is enough to compare the induced morphisms from syntomic cohomology toétale cohomology (we continue to call them period morphisms). Then we take the syntomic period morphism (in the derived category) and sheafify it in the h-topology of X K . This is possible because Beilinson has shown [5] that de Jong augmentations allow us to exhibit a basis of h-topology that consists of proper (strictly) semistable schemes over O K . We obtain a map between the h-sheafification of syntomic cohomology and the h-sheafification ofétale cohomology. Now, for r ≥ 0, theétale cohomology of the Tate twist Z/p n (r) ′ := (p a a!) −1 Z/p n (r), for r = (p − 1)a + b, a, b ∈ Z, 0 ≤ b < p − 1, h-sheafifies to the constant sheaf Z/p n (r) ′ . Using Beilinson filtered Poincaré Lemma [6] we see that the syntomic cohomology of the r'th twist sheafifies to the kernel of the surjective map of constant sheaves F r p A cr 1−ϕr −−→A cr , ϕ r being the divided Frobenius ϕ/p r and F r p A cr -the Frobenius-divisible filtration. By the fundamental exact sequence this is Z/p n (r) ′ and the syntomic period morphism, by functoriality, is the map that sends t {r} := t b (t p−1 /p) a to 1. But, as was shown in [35] , this is the same map as the one induced by the h-cohomology period morphism. The argument for the almostétale period morphism is analogous. Paris, the Institut de Mathématiques de Jussieu, Columbia University, and the IAS at Princeton. I would like to thank these institutions for their support, hospitality, and for the wonderful working conditions they have supplied.
Conventions 1.3. We assume all the schemes (outside of some obvious exceptions) to be locally noetherian. We work in the category of fine log-schemes.
Preliminaries
Let O K be a complete discrete valuation ring with fraction field K of characteristic 0 and with perfect residue field k of characteristic p. Let W (k) = O F be the ring of Witt vectors of k with fraction field F . Set G K = Gal(K/K) and let σ be the absolute Frobenius on W (k). For an O K -scheme X, let X 0 denote the special fiber of X. We will denote by O K , O × K , and O 0 K the scheme Spec(O K ) with the trivial, canonical (i.e., associated to the closed point), and (N → O K , 1 → 0) log-structure respectively. We will freely use the notation from [41] .
Cohomological identities.
We briefly review here certain facts involving syntomic and crystalline cohomologies that we will need.
2.1.1. Rings of periods. We start with reviewing basic facts concerning the rings of periods. Consider the ring R = lim ← − O K /pO K , where the maps in the projective system are the p-th power maps. With addition and multiplication defined coordinatewise R is a ring of characteristic p. Take its ring of Witt vectors W (R). Then A cr is the p-adic completion of the divided power envelope D ξ (W (R)) of the ideal
we may and will choose (−1) = −1) and, for x ∈ R,
(i) The rings B cr and B dR . The ring A cr is a topological W (k)-module having the following properties:
(1) W (k) is embedded as a subring of A cr and σ extends naturally to a Frobenius ϕ on A cr ; (2) A cr is equipped with a decreasing separated filtration F n A cr such that, for n < p, ϕ(F n A cr ) ⊂ p n A cr (in fact, F n A cr is the closure of the n-th divided power of the PD ideal of D ξ (W (S))); (3) G K acts on A cr ; the action is W (k)-semilinear, continuous, commutes with ϕ and preserves the filtration; (4) there exists an element t ∈ F 1 A cr such that ϕ(t) = pt and G K acts on t via the cyclotomic character: if we fix ε ∈ R -a sequence of nontrivial p-roots of unity, then t = log([ε]). B + cr and B cr are defined as the rings
, respectively, with the induced topology, filtration, Frobenius and the Galois action. For us, in this paper, it will be essential that the ring A cr can be thought of as a cohomology of an 'arithmetic point', namely that
where, for a scheme Y over W (k), we set
The canonical morphism A cr,n → O K /p n is surjective. Let J cr,n denote its kernel. Let [19] . Set B
We use it to induce the Galois action on B + st from the one on B
We will need the following crystalline interpretation of the ring B + st (see [30] , [48] ). Let R π,n denote the PD-envelope of the ring W n (k) [x] with respect to the closed immersion W n (k)[x] → O K,n , x → π, equipped with the log-structure associated to N → R π,n , 1 → x. Let
The ring B + st has a natural action of G K , Frobenius ϕ, and a monodromy operator N . Kato [30, 3.7] shows that the ring B + st is canonically (and compatibly with all the structures) isomorphic to the subring of elements of B + st annihilated by a power of the monodromy operator N . 2.1.2. Syntomic cohomology. We will recall briefly the definition of syntomic cohomology. For a logscheme X we denote by X syn the small log-syntomic site of X. For a log-scheme X log-syntomic over
Xn ), where O Xn is the structure sheaf of the absolute log-crystalline site (i.e., over
Xn is its r'th divided power of J Xn . Set J
There is a canonical, compatible with Frobenius, and functorial isomorphism
Xn ). It is easy to see that ϕ(J
This fails in general and we modify J
[r]
n :
for some s ≥ r. This definition is independent of s. We can define the divided Frobenius ϕ r = "ϕ/p r " :
]. We will write S n (r) for the syntomic sheaves on X m,syn , m ≥ n, as well as on X syn . We will also need the "'undivided"' version of syntomic complexes of sheaves:
n → J <r> n and Id : O cr n → O cr n has kernel and cokernel killed by p r . We will also write S n (r), S ′ n (r) for Rε * S n (r), Rε * S ′ n (r), respectively, where ε : X n,syn → X n,ét is the canonical projection to theétale site.
The p-adic syntomic cohomology of X is defined as RΓé t (X, S(r)) := holim n RΓé t (X, S n (r)), RΓé t (X, S ′ (r)) := holim n RΓé t (X, S ′ n (r)). 2.1.3. Cohomology with compact support. Let X be a finite and saturated log-smooth log-scheme over O × K (resp. over O K ). Since X is log-regular it is normal and the maximal open subset U = X tr ⊂ X, where the log-structure M X is trivial is dense in X. We have M X = O X ∩ j * O * U , where j : U ֒→ X is the open immersion. By [38, Theorem 5.10] there exists a log-blow-up of X that has Zariski log-structure and is (classically) regular.
Assume that X itself has these properties. Then U is a complement of a divisor with simple normal crossings that is a union D 0 ∪ D (resp. D) of the reduced special fiber and the horizontal part D. The scheme X has generalized semistable reduction, i.e., Zariski locally on X, there exists anétale morphism over O K :
In particular, all the closed strata of D are log-smooth over O × K and regular (resp. smooth over O K ). If all n i = 0 we say that X has semistable reduction.
Take X as above with semistable reduction. Recall the following definitions. The p-adicétale cohomology of X K with compact support
The de Rham cohomology of X K with compact support [49, Def. 3 
where K D0 is a sheaf induced by the sheaf I D0 [49, Lemma 5.3] . The crystalline cohomology RΓ cr,c (X) and the syntomic cohomology with compact support RΓ syn,c (X, S n (r)) and RΓ syn,c (X, S Proof. Theétale and de Rham cases follow immediately from the following exact sequences
The crystalline case over W (k) 0 follows from a mixed characteristic analog of the second sequence. And the case over W (k) reduces to this sequence as well. Indeed, if O K = W (k) this is clear. In general, locally, we have an embedding into such a situation. Because, by assumption, this embedding is regular, the above mentioned sequence remains exact after tensuring with the divided power envelope and computes cohomology with compact support.
For the syntomic case, it suffices to check that the above crystalline quasi-isomorphism preserves filtrations. But this follows easily from the fact that the associated grading of the filtration on the divided power envelope is free over O X .
2.1.4. Fontaine-Lafaille theory. Assume first that O K = W (k). For the integral crystalline theory (Fontaine-Laffaille theory) we will need the following abelian categories:
(
There exists an exact and fully faithful functor 
Here,
Xn/OK,n ) is equipped with the Hodge filtration
Xn/OK,n )) and the maps
, where ϕ denotes the crystalline Frobenius.
Proof. The proof of [21, 2.7] for schemes goes through for truncated simplicial schemes proving the first claim of the proposition. For the second claim, we argue by induction on m ≥ 0 such that X ≃ sk m X. The case of m = 0 is treated in [21, 2.7] . Assume that our proposition is true for m − 1. To show it for m consider the homotopy cofiber sequence
and apply the maps ψ n to it. We get the map of sequences
where each s i : X m−1 → X m is a degeneracy map. The top sequence is exact. So is the bottom: it is clearly exact before applying L and it stays exact because the relevant categories MF are closed under taking subobjects and the functor L is exact.
By the inductive hypothesis we have the isomorphisms shown. It follows that the map
The above proposition can be applied to cohomology with compact support. Corollary 2.3. Let X be a smooth and proper scheme over O K = W (k) with a divisor D that has relative simple normal crossings and all the closed strata smooth over O K . Equip X with the log-structure coming from
Proof. By Lemma 2.1, we have a canonical isomorphism
Our corollary follows now from Proposition 2.2.
2.1.5. More cohomological identities. Let O K be general and let X be an O K -scheme. Recall that, if X is smooth and proper, Kato and Messing [32] have constructed the following isomorphisms
We will need also to know that [37, Lemma 2.2]
Lemma 2.4. The following two compositions of maps are equal
Let X be any fine log-scheme, which is log-smooth and proper over O × K with saturated log-structure on the generic fiber. We will need the crystalline interpretation of B [30] (see also [48, 4.7] ):
Finally, let us recall briefly the Hyodo-Kato isomorphism. We define the Hyodo-Kato cohomology as
If the special fiber of X is of Cartier type, Kato defines [30, 4.2,4.5] canonical morphisms
It can be checked (see [48, 4.5.6-7] ) that these morphisms are compatible with Galois action and the Frobenius. Moreover, Hyodo and Kato [26, 5.1] have constructed a canonical K-isomorphism
Hence the composition
is functorial in X and compatible with Galois action.
It is easy to check that all the above extends to simplicial (log-)schemes.
2.1.6. A key isomorphism. Let X be a proper semistable scheme over O K . The following lemma will be crucial in the comparison of period morphisms.
Lemma 2.6. Let r ≥ i. There exists a natural isomorphism
Proof. This is well-known; see [35, Cor. 3.23] , [13, Prop. 5.22 ]. We will sketch here the construction of the map for future reference; see [35, Cor. 3.23] for details. Consider the following sequence of maps of homotopy limits; they are all quasi-isomorphisms. Homotopy limits are taken in the ∞-derived category.
Here the eigenspaces are taken in the derived sense and we used the brackets [−] to denote a mapping fiber. The first two maps and the last map are the canonical maps. We wrote p π for the projection x → π. The second map is induced by the distinguished triangle
The third map is induced by the Künneth map; we also used here the quasi-isomorphism (2.5). The fourth map is induced by the section ι π :
2.2. Localization map. For (finite simplicial) schemes X over O K that are smooth or log-smooth and regular the localization map
where j : X K ֒→ X O K is the natural open immersion, is easy to understand as the two following lemmas show.
Lemma 2.8. Let X be a finite smooth simplicial O K -scheme. For any integer n, the localization morphism
is an isomorphism.
Proof. Recall that we have proved in [37, Lemma 3.1] that this lemma is true if X is a single smooth scheme over O K . By the same method we get the other hypercohomology spectral sequences, namely, the weight spectral sequence [46, 5.13, 5.48 ].
Here K is the presheaf Z × Z ∞ BGL, where BGL(U ) = inj lim n BGL n (U ). Since the natural inclusion j : X K ֒→ X O K induces a localization map on the corresponding spectral sequences compatible with the localization maps on individual schemes we get isomorphisms on the terms of the spectral sequences that induce an isomorphism on the abutments, as wanted.
Let X be a finite and saturated log-smooth log-scheme over O × K (resp. over O K ) that is classically regular. The maximal open subset U = X tr ⊂ X where the log-structure M X is trivial is dense in X and we have M X = O X ∩ l * O * U , where l : U ֒→ X is the open immersion. U is a complement of a divisor with simple normal crossings that is a union D 0 ∪ D (resp. D) of the reduced special fiber and the horizontal part D.
Let K 1 be a finite extension of K and let O K1 be its ring of integers. The log-scheme X OK 1 is in general singular but it can be desingularized by a log-blow-up, i.e., there exists a log-blow-up f : Y → X OK 1 that does not modify the regular locus and such that Y is a (classically) regular Zariski log-scheme. Below we will only consider log-blow-ups of X OK,1 that are vertical, i.e., we blow-up only closed strata involving the vertical divisor D 0,OK 1 . More precisely, let F (X) be the fan of X [31, 10] (recall that X is assumed to be Zariski and regular). It is a fan over the fan
be the vertical fan of F (X), i.e., the maximal open subfan of F (X) containing the closed fiber π −1 (s), where s = {n ≥ 1|n ∈ N} is the closed point of Spec(N) [42, proof of Lemma 2.5]. We have a natural map F (X) → F 0 (X).
The log-scheme X OK 1 has the fan
, where e denotes the ramification index of O K1 /O K . We have the natural map F (X OK 1 ) → F 0,e (X). From now on we consider only log-blow-ups Y → X OK 1 induced from regular subdivisions of the vertical fan F 0,e (X). In the local picture above, we consider only log-blow-ups of X OK 1 induced from log-blow-ups of X
Notice that the scheme Y has generalized semistable reduction as well and the horizontal divisor D Y is the preimage of D OK 1 .
Let
We will show that we can pass from the K-theory with compact support of the generic fiber X K to the K-theory with compact support of the regular model X O K that we define as
is an isomorphism and the induced map
has kernel and cokernel annihilated by M (2d, i + 1, 2j) and M (2d, i, 2j), respectively.
Proof. It suffices to argue on finite levels. So we may simply assume that we have a regular scheme X over O K with a divisor D that has relative simple normal crossings and whose irreducible components are all regular. We need to show the above lemma just for the pair (X, D).
For the first statement of the lemma consider the following commutative diagram with the horizontal sequences exact.
It shows that it suffices to prove that the restriction map
is an isomorphism. To see that write D = ∪ i=m i=1 D i as a union of irreducible components D i and argue by induction on m. Recall that we have proved in [39, Lemma 3.5] that the above lemma is true if the divisor D is trivial, i.e., m = 0. Assume now that the above isomorphism holds for m − 1. To prove it for m consider the restriction map of the following long exact sequences.
Here we wrote
By the inductive hypothesis we have the isomorphisms shown. It follows that we have the isomorphism
as wanted.
Hence the first statement of the lemma is true. It implies that, for j > d + 1, the top map in the following commutative diagram is an isomorphism
we get the second statement of our lemma.
2.3.Étale Chern classes.
The following proposition shows that we can invertétale Chern classes modulo some constants. Proposition 2.10. Let Y be a smooth finite simplicial scheme over
and p = 2, and 2i − j ≥ 0. There exists an integer D(d, m, i, j) depending only on d, m, i, and j such that, the kernel and cokernel of the Chern classe map cé
Remark 2.11. This proposition is a K-theory version of the following theorem of Suslin [45] , [23] .
Theorem 2.12. (Suslin) For Y a smooth scheme of dimension d over K, the change of topology map
is an isomorphism for i ≥ d. Here Z/p n (i) M is the complex of motivic sheaves (Bloch higher Chow complex).
Proof. To prove the proposition we are going to argue by induction on m. The case of m = 0 was treated in [39, Prop. 3.2] . We computed there that
Assume that m ≥ 1. For the inductive step we need to filter Y by its skeletons. We work on the site of schemes smooth over K equipped with the Zariski topology. Take a fibrant replacement K → K f . The pointed simplicial sets Hom(sk t Y, K f ) form a tower of fibrations converging to Hom(
where
and s i : Y t−1 → Y t is a codegeneracy. In particular, the natural map
is a weak-equivalence. For j ≥ 2 and j + t ≥ 3, using again [11, Proposition X.6.3], we get the long exact sequence
Here we set
. By functoriality, λ-operations act on this exact sequence and this yields a sequence of γ-gradings
→ that is exact only up to certain universal constants. More precisely, we have the following lemma.
Lemma 2.14. If the element [x] at any level of the above long sequence is a cocycle then C[x] is a coboundary for the following constant
Proof. Before we proceed, note that
and we have [41, Lemma 4.3] . We will prove (1). The other cases can be proved in a similar way. Assume
n ) and look at the sequence
. That means that on the level of the long exact sequence (2.13)
We will need certain projectors [44, 2.8] . For two natural numbers a = b, denote by A abk , k ≥ 2, a family of integers such that
Note that, for any 
is a cobundary, as wanted.
To proceed, we will need the following two lemmas.
Lemma 2.15. For a d-dimensional scheme Y smooth over K we have
Proof. This is the K-theory version of the mod-p n Beilinson-Soulé Conjecture. Recall that we know its motivic version to be true. That is H 2i−j Zar (Y, Z/p n ) = 0 for 2i − j < 0 [3] . So we just need to translate this statement into K-theory. Recall that Levine [34] has constructed Zariski Atiyah-Hirzebruch spectral sequence from motivic cohomology to K-theory:
Here the differential 
By the above, the kernel of the map
is annihilated by M (d, i + 1, 2j) and the cokernel by M (d, i, 2j) . By [41, (4.4) ], same holds for the map
Lemma 2.16.
(1) For i, j as in Proposition 2.10, the kernel and cokernel of the Chern class map
Proof. Let us start with the first statement. For kernel, take
. We need to show that some multiple of y lies in
Arguing just like in the proof of Lemma 2.14, we find that
Hence, repeating this argument for all l, we get
For the second statement, assume that 2i − j < 0 and take
Consider now the homotopy cofiber sequence
, theétale Chern class maps are compatible with it and we get the following commutative diagram (where we skipped the coefficients Z/p n and Z/p n (i), respectively).
Let's first look at the kernel of the map cé
. Diagram chasing and the inductive hypothesis together with Lemma 2.14 and Lemma 2.16 imply easily that this kernel is annihilated by
Here we used the fact that the numbers M (d,
By a very similar argument, we get that the cokernel of the map cé
Since an odd prime p divides M (l) if and only if p < (l/2) + 1 and H t et (sk m Y ) = 0 for t > 2d + m + 1, we get the last statement of the proposition.
Comparison theorems for finite simplicial schemes
We are now ready to prove comparison theorems for finite simplicial schemes.
3.1.
Crystalline conjecture for finite simplicial schemes. We start with the Crystalline conjecture.
3.1.1. Integral Crystalline conjecture. We treat first its integral version. Let X be a smooth proper finite simplicial scheme over O K , O K = W (k). Assume that X ≃ sk m X and that the dimension d ≤ p − 2, d = max s≤m dim X s . We would like to construct functorial Galois equivariant morphisms
cr (X n ){−b}). We will be able to do it under certain additional restrictions on the integers a, b and d. Our construction is based on the following diagram (3.1)
is defined as the limit over finite extensions 
is an isomorphism by Lemma 2.8. By Proposition 2.10 theétale Chern class map
is an isomorphism if p > d + m + 2b − a + 1. Assume now that b ≥ d, 2b − a ≥ 3, and p − 2 ≥ d + m + 2b − a. Define the morphisms 
Remark 3.3. The original constants that appear in [37] are different (worse) than the ones we have quoted here. Also there we have assumed that the scheme X was projective over O K . However one can easily modify the proof of Theorem 4.1 from [37] by replacing the weak Proposition 4.1 used in [37] with its improved version (Proposition 3.2) from [39] to get the above theorem for schemes.
Proof. By Lemma 2.8, Proposition 2.10, and Proposition 2.2, it suffices to show that the syntomic Chern class map c syn b,2b−a : gr
) is an isomorphism. Note that for a < 0 this is an isomorphism by Lemma 2.15.
We argue by induction on m ≥ 0 such that X ≃ sk m X. The case of m = 0 is treated by [37, Theorem 4.1]. Assume that our theorem is true for m− 1. To show it for m consider the homotopy cofiber sequence
and apply the syntomic Chern class maps to it. We get the map of sequences
, and skipped the coefficients Z/p n in K-theory. We also put
where each s i : X m−1 → X m is a degeneracy map. The bottom sequence is exact. By Lemma 2.14 so is the top. By the inductive hypothesis and Lemma 2.16 we have the isomorphisms shown. It follows that the syntomic Chern class map
is an isomorphism as well. . Equip X with the log-structure associated to D. Applying the above constructions to C(X, D) we obtain the basic diagram
and the induced period morphism
. Hence we obtained a period morphism
. We get the following corollary of Theorem 3.2.
Corollary 3.5. The Galois equivariant morphism
3.1.2. Rational Crystalline conjecture. We will treat now the rational Crystalline conjecture. Let X be a smooth proper finite simplicial scheme over O K , where the ring O K is possibly ramified over W (k). Assume that X ≃ sk m X and set d = max s≤m dim X s . For large b, we will construct Galois equivariant functorial period morphisms 
Define the morphisms α
where ψ n is the natural projection D(d, m, b, 2b − a) 2 . The following theorem generalizes our [39, Theorem 3.8 ] from schemes to finite simplicial schemes. Theorem 3.6. Let X be any proper smooth finite simplicial O K -scheme. Assume that X ≃ sk m X and let d = max s≤m dim X m . Then, assuming b ≥ 2d + 2, the functorial, Galois equivariant morphism
is an isomorphism. Moreover, the map α ab preserves the Frobenius and, after extension to B dR , induces an isomorphism of filtrations.
where each s i : X m−1 → X m is a degeneracy map. The horizontal sequences are exact by functoriality and finiteness of theétale and crystalline cohomologies. By the inductive hypothesis we have the isomorphisms shown in the diagram. Hence the period morphism
this proves the first claim of the theorem. Now, to prove the claim about filtrations first we evoke Lemma 2.4 that yields compatibility of the period morphism with filtrations and then we note that is suffices to prove the analog of our claim for the associated grading, i.e., that, for i ∈ Z, the induced map
is an isomorphism. But this can be proved by an analogous argument to the one we used to prove the first claim of the theorem. 
Recall that we have
. From this we get a Galois-equivariant map 
is an isomorphism for b ≥ 2d + 2. Moreover, the map α ab preserves the Frobenius and, after extension to B dR , induces an isomorphism of filtrations.
3.2.
Semistable conjecture for cohomology with compact support. We will now prove a comparison theorem for cohomology with compact support in the semistable case. We start with the definition of the period morphism. Let X be a proper scheme over O K with (strictly) semistable reduction and of pure relative dimension d. Let i : D ֒→ X be the horizontal divisor and set U = X K D. Equip X with the log-structure induced by D and the special fiber. Assume that p n ≥ 5 and b ≥ 2d + 2. We will define a period morphism α
We will use the following diagram.
where j : X K ֒→ X O K is the natural open immersion and we set
Here the log-structure on the schemes Y, D Y is trivial. Define
where ψ n (π * ) −1 ε is the composition
Here the log-structure on the schemes defining C(Y, D Y ) is induced from the special fiber. The pullback map
is an isomorphism by a simplicial (and easy to proof) version of [39, Corollary 2.4] . In the definition of α D(d, d, b, 2b − a) . Similarly, for
to be any element in the preimage of M (2d, b, 2(2b − a))x under j * . This is possible by Lemma 2.9 and by the same lemma any ambiguity is killed by twisting the definition of α n ab by M (2d, b + 1, 2(2b − a) ). Let b ≥ 2d + 2. We can now define the rational period morphism 
and with the division by
The morphism α ab preserves the Frobenius, the action of Gal(K/K) and the monodromy operator, and, after extension to B dR , is compatible with filtrations (use Lemma 4.8.4 from [48] ).
We have the following generalization of our [39, Theorem 3.8] (where the divisor at infinity D is trivial).
Theorem 3.9. Let X be a proper scheme over O K with semistable reduction. Let D be the horizontal divisor, let U = X K D, and let d be the relative dimension of X. Equip X with the log-structure induced by D and the special fiber. Then, assuming b ≥ 2d + 2, the morphism
is an isomorphism. Moreover, the map α ab preserves the Frobenius, the action of Gal(K/K) and the monodromy operator. It is independent of the choice of π, compatible with base changes and Tate twists, and, after extension to B dR , induces an isomorphism of filtrations.
Proof. Consider the finite semistable vertical simplicial log-scheme C = C(X, D). The individual schemes in the simplicial scheme are equipped with the log-structure induced from the special fiber. We have C(X, D) ≃ sk m C(X, D) if D has m irreducible components. We filter C(X, D) by its skeleta sk i C(X, D) and will show, by induction on i ≥ −1, that the period morphism
where each s i : sk i−1 C → sk i C is a degeneracy map. By the inductive hypothesis we have the isomorphisms shown in the diagram. Hence the period morphism 
that preserves the Frobenius and the monodromy operators, and, after extension to B dR , induces an isomorphism of filtrations.
This conjecture was proved by Kato [30] , Tsuji [48] , Faltings [17] , Nizio l [39] , and Beilinson [6] . It was generalized to formal schemes by Colmez-Nizio l [13] and byČesnavičius-Koshikawa [12] (who generalized the proof of the Crystalline conjecture by Bhatt-Morrow-Scholze [9] ).
Let r ≥ 0. For a period isomorphism α i as above, we define its twist
as α i,r := t r α i . Clearly, it is an isomorphism. It follows from Conjecture 4.1 that we can recover thé etale cohomology with the Galois action from the crystalline cohomology:
For r ≥ i, by Lemma 2.6, the right hand side is isomorphic to
there exists a natural isomorphism
We will denote byα
the induced isomorphism and call it the syntomic period isomorphism.
The following lemma is immediate.
Lemma 4.2. Let r ≥ i. A period isomorphism α i,r , hence also a period isomorphism α i satisfying Conjecture 4.1, is uniquely determined by the induced syntomic period morphismα i,r .
The above discussion carries over to finite simplicial schemes practically verbatim.
4.2.
Comparison of period morphisms for cohomology with compact support. We will prove in this section that the comparison morphisms for cohomology with compact support defined using the syntomic, almostétale, and motivic methods are equal. We will use for that a motivic uniqueness criterium.
4.2.1.
A K-theoretical uniqueness criterium. We will prove now a uniqueness criterium for period morphisms that generalizes the one stated in [40] . Let X be a proper scheme over O K with semistable reduction and of pure relative dimension d. Let i : D ֒→ X be the horizontal divisor and set U = X K D. Equip X with the log-structure induced by D and the special fiber.
Proposition 4.3. Let r ≥ 2d + 2. There exists a unique semistable period morphism
that makes the diagram from Section 3.2 commute.
Proof. Consider the diagram mentioned and use the fact that theétale Chern classes cé t r,2r−i are isomorphisms rationally by Proposition 2.10 and that the restriction map j * is an isomorphism by Lemma 2.9.
4.2.2.
Comparison of period morphisms for cohomology with compact support. The comparison morphisms of Faltings [16] , [17] and Tsuji [48] extend easily to finite simplicial schemes. This was done explicitly in [33] , [47] . In particular, they extend to cohomology with compact support. We will show in this section that they are equal to the period morphisms constructed in Section 3. We will use for that the uniqueness criterium for period morphisms stated above. We will do the computations just for cohomology with compact support in the semistable case. The arguments in other cases are analogous.
Theorem 4.4.
that is B st -linear, Galois equivariant, compatible with Frobenius, induces an isomorphism on filtrations after passing to B dR , and is compatible with theétale and syntomic higher Chern classes from p-adic K-theory. 
are equal. For that apply Lemma 4.2 and the uniqueness criterium from Proposition 4.3. The needed compatibility of the period morphism with higher Chern classes is clear in the case of the map α N i,r and was proved in [40, Corollary 4.14, Corollary 5.9] for the other two maps. These corollaries are stated for proper log-schemes but their proofs carry over to the case of finite simplicial schemes (with the same properties).
Comparison of Tsuji and Beilinson period morphisms.
We prove in the next two sections that Beilinson period morphisms [5] , [6] agree with the period morphisms of Faltings and Tsuji whenever the latter are defined. Our strategy is to appeal to Lemma 4.2 and then to sheafify the syntomic morphisms induced by the latter period morphisms in the h-topology on the generic fiber. We identify the syntomic period morphisms on the sheaf level as certain canonical maps appearing in the fundamental exact sequence. Since we had shown in [35] that the same maps are used to define the Beilinson syntomic period morphism, it follows that all the period morphisms are equal. Along the way we obtain useful properties of the Faltings and Tsuji period morphisms.
We start with comparing the period morphisms of Tsuji and Beilinson.
4.3.1. Tsuji period morphism. We will briefly discuss the period morphism used by Tsuji. Let X be a log-smooth log-scheme over O × K . Recall that Fontaine-Messing and Kato have defined natural period morphisms on theétale site of X [21] , [47] 
where i : X 0 ֒→ X, j : X K ֒→ X are the natural immersions. Here, we set Z/p n (r) n+s | ϕ(x) ∈ p r A cr,n+s }/p n , for some s ≥ r.
The above period morphisms were used to prove the following comparison theorem.
Theorem 4.5. (Tsuji, [48, 3.3.4] ) Let X be a semistable scheme over O K or a finite base change of such a scheme. Then, for any 0 ≤ i ≤ r, the kernel and cokernel of the period morphism
, is annihilated by p N for an integer N which depends only on p, r, and i.
For a proper semistable scheme X over O K and r ≥ i, the rational semistable Tsuji period morphism is defined as
By Theorem 4.5, it is a quasi-isomorphism after truncation at τ ≤r .
Beilinson period morphism.
We will now recall the definition of the period morphism of Beilinson [6, 3.1] .
(i) An equivalence of topoi. For a field K, let Var K denote the category of varieties over K. We will equip it with h-topology (see [5, 2.3] ), i.e., the coarsest topology finer than the Zariski and proper topologies. 3 We note that the h-topology is finer than theétale topology. It is generated by the pretopology whose coverings are finite families of maps {Y i → X} such that Y := Y i → X is a universal topological epimorphism (i.e., a subset of X is Zariski open if and only if its preimage in Y is open). We denote by Var K,h , X h , X ∈ Var K , the corresponding h-sites.
Let K be now as in Setion 2. An arithmetic pair over K is an open embedding j : U ֒→ U with dense image of a K-variety U into a reduced proper flat V -scheme U . A morphism (U, U ) → (T, T ) of pairs is a map U → T which sends U to T . In the case that the pairs represent log-regular schemes this is the same as a map of log-schemes. For a pair (U, U ), we set V U := Γ(U , O U ) and K U := Γ(U K , O U ). K U is a product of several finite extensions of K (labeled by the connected components of U ) and, if U is normal, V U is the product of the corresponding rings of integers.
A semistable pair over K [5, 2.2] is a pair of schemes (U, U ) over (K, V ) such that (i) U is regular and proper over V , (ii) U K U is a divisor with normal crossings on U , and (iii) the closed fiber U 0 of U is reduced and its irreducible components are regular. Closed fiber is taken over the closed points of V U . We will think of semistable pairs as log-schemes equipped with log-structure given by the divisor U K U . The closed fiber U 0 has the induced log-structure.
A semistable pair over K [5, 2.2] is a pair of connected schemes (T, T ) over (K, V ) such that there exists a semistable pair (U, U ) over K and a K-point α : K U → K such that (T, T ) is isomorphic to the base change (U K , U V ). We will denote by P ss K the category of semistable pairs over K. (ii) Definitions of cohomology sheaves. We will now recall briefly the definition of geometric syntomic cohomology, i.e., syntomic cohomology over K, from [35] .
For (U, U ) ∈ P ss K , r ≥ 0, we have the absolute crystalline cohomology complexes and their completions
where u : U n,cr → U n,ét is the natural projection. The complex RΓ cr (U, U ) is a perfect A cr -complex and
In general, we have RΓ cr (U, U ,
The absolute crystalline cohomology complexes are filtered E ∞ algebras over A cr,n , A cr , or A cr,Q , respectively. Moreover, the rational ones are filtered commutative dg algebras. For r ≥ 0, the mod-p n , completed, and rational syntomic complexes RΓ syn (U, U , r) n , RΓ syn (U, U , r), and RΓ syn (U, U , r) Q are defined by the formulas:
We have
cr , A cr , and S ′ (r) be the h-sheafifications on Var K of the presheaves sending (U, U ) ∈ P ss K to RΓ cr (U, U , J
[r] ), RΓ cr (U, U ), and RΓ syn (U, U , r),
cr,n , A cr,n , and S ′ n (r) denote the h-sheafifications of the mod-p n versions of the respective presheaves; and let J [r] cr,Q , A cr,Q , S ′ (r) Q be the h-sheafifications of the rational versions of the same presheaves.
For X ∈ Var K , set RΓ cr (X h ) := RΓ(X h , A cr ). It is a filtered (by RΓ(X h , J
[r] cr ), r ≥ 0, ) E ∞ A cralgebra equipped with the Frobenius action ϕ. The Galois group G K acts on Var K and it acts on X → RΓ cr (X h ) by transport of structure. If X is defined over K then G K acts naturally on RΓ cr (X h ).
For
cr,Q )
The direct sum r≥0 RΓ syn (X h , r) is a graded E ∞ algebra over Z p .
(iii) Poincaré Lemma. We will recall the Poincaré Lemma of Beilinson [6] and its syntomic cohomology version [35] . Proof. We include here the simple proof from [35, Cor. 4.5] . Consider the following map of distinguished triangles
The triangles are distinguished by definition. The vertical continuous arrows are quasi-isomorphisms by the Crystalline Poincaré Lemma. They induce the dash arrow that is clearly a quasi-isomorphism.
(iv) Beilinson period morphism. Let X ∈ Var K . Recall the definition of the crystalline period morphism of Beilinson [6] α B cr : RΓ cr (X h ) → RΓ(Xé t , Z p ) ⊗A cr . Consider the natural map π n : RΓ cr (X h ) → RΓ(X h , A cr,n ) and take the composition : RΓ syn (X h , r) → RΓ(Xé t , Q p (r)), r ≥ 0 can be described in the following way. Take the natural map π n : RΓ(X h , S ′ (r)) → RΓ(X h , S ′ n (r)) and the zigzag
where π := (holim n π n ) ⊗ Q, is the induced syntomic period morphism. By [35, Prop. 4.6] , it is an isomorphism after truncation τ ≤r .
Remark 4.9. It is worth looking carefully at the composition
This composition is a quasi-isomorphism after truncation τ ≤r . Since, by Corollary 4.8, the second map is a quasi-isomorphism, it follows that the first map is a quasi-isomorphism after truncation τ ≤r as well.
Comparison of Tsuji and Beilinson period morphisms.
We can h-sheafify the Tsuji period morphism (4.4.1) to obtain the induced compatible syntomic period morphisms
As above, they induce a syntomic period morphism
It is an isomorphism after truncation τ ≤r . RΓ syn (X h , r) → RΓé t (X, Q p (r)) are equal. If X = U for (U, U ) ∈ P ss K , the induced period morphisms are equal as well. Proof. For the first claim, it suffices to show that, for all n ≥ 1, the maps
are equal. But this is immediate from the functoriality of α T r .
For the second claim, let X = U for (U, U ) ∈ P ss K . For r ≥ 0, by functoriality of α T r , we have the following commutative diagram (i) Faltings site. Faltings construction of the period morphism uses an auxiliary topos, topos of " sheaves of local systems" [16, III] , [17, 3] that is now known as the"Faltings topos" (a term first used by Abbes and Gros [1] ). We will briefly describe it.
For a scheme X, let X Fét denote the topos defined by the site of finiteétale morphisms U → X with coverings given by surjective maps. For a connected X and a choice of a geometric point x → X, X Fét is equivalent to the topos of sets with a continuous action of the fundamental group π 1 (X, x). In particular, for an abelian sheaf F , theétale cohomology H * (X Fét , F ) is isomorphic to the (continuous) group cohomology H * (π 1 (X, x), F x ). Let X be noetherian. Then X Fét is equivalent to the topos ofétale sheaves that are inductive limits of locally constant sheaves 4 . There is a map of topoi π : Xé t → X Fét with π * F given by the restriction of F to finiteétale schemes over X and π * (F ) = F for an ind-locally constant sheaf F .
Recall the following notion. K -log-scheme such that X K is smooth over K. For every geometric point x of X, X (x) × X X tr,K is a K(π, 1)-space.
Let X be a noetherian O K -scheme. The Faltings topos X K,ét is defined 5 by a site which has for objects pairs (U, V ), where U is anétale X-scheme and V → X K is a finiteétale morphism; morphisms are compatible pairs of maps, and coverings are pairs of surjective maps (see [1] for details).
There is a canonical map ρ : X K,ét → X K,ét 4 For us, locally constant is a shorthand for locally constant constructible. 5 We use here the modification of the original definition of Faltings presented by Abbes and Gros in [1] .
from theétale topos of X K to X K,ét . On the level of sites, this map is given by sending (U, V ) to V . If X is a log-smooth log-scheme over O × K with a smooth generic fiber, it follows [17, III] , [2, Cor. 9.6] from Theorem 4.13 that, for an locally constant sheaf L on X K , the natural map (4.14)
RΓ( X K,ét , ρ * L) → RΓ(X K,ét , L)
is a quasi-isomorphism.
(ii) Faltings period morphism. Let π be a uniformizer of O K . Let X be a saturated, log-smooth, and proper log-scheme over O The map R π,n → A cr,n above is induced by x → [π ♭ ]. This is not Galois equivariant hence, for the period morphismα to be compatible with the Galois action, this action has to be twisted (using monodromy) on the domain (see [17, p.259 ] for details). Passing to the limit over n and tensoring with Q in the above yields an almost morphism ←− RΓ( X K,ét , F r A cr,n ).
Here we set RΓ(( X O K ) K,ét , F r A cr,n ) := hocolim K ′ RΓ(( X O K ′ ) K,ét , F r A cr,n ), where the limit is over finite extensions K ′ /K. In an analogous way we define almost maps β r,n : RΓ cr (X n , J [r] ) → RΓ( X K,ét , F r A cr,n ),β r,n : RΓ cr (X O K ,n , J [r] ) → RΓ( X K,ét , F r A cr,n ).
All these maps are compatible. Recall that we have the fundamental exact sequence Here F r p A cr,n denotes the Frobenius "divisible" filtration and, for a sheaf F on X K,ét , F s stands for its restriction to the special fiber, i.e., to the complement of the generic fiber (the site consisting of objects with trivial special fiber). For X proper and F torsion, proper base change theorem yields that the cohomologies of F and F s coincide.
Using the mapβ r,n and the above sequence, we obtain a map β r,n : RΓé t (X O K , S ′ n (r)) → RΓé t ( X K , Z/p n (r) ′ s ).
More precisely, we get a canonical map from RΓé t (X O K , S ′ n (r)) to the X K -cohomology of the mapping fiber of ϕ − p r : F r A cr,n → A cr,n , which in turn maps via multiplication by p r on F r A cr,n to the X K -cohomology of the mapping fiber of ϕ r − 1 : F r p A cr,n → A cr,n . But the last mapping fiber, by the fundamental exact sequence (4.16), is quasi-isomorphic to Z/p n (r) The last isomorphism holds by (4.14) . Consider now the compositioñ For r ≥ i, using the diagram (2.7) and the discussion in [40] preceding Theorem 5.8, it is easy to check that, on degree i cohomology, this is the syntomic period morphismα 
